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PREDICTING INVERSI.ON DEPTHS AND TEMPERATURE--
1 NFLUENCES IN THE HELENA VALLEY 

I. INTRODUCTION 

Su~face inversions in the Helena val ley are common thr6ughout the 
year with strongest and most frequent occurrence during summer and 
fa I I. The quantitative effect of inversions has been Imperfectly 
understood because the depth and configuration have ·been unknown. 
The purpose of this paper Is to present an objective method for 
predicting the depth of the local Inversion and its influence on 
the maximum or hourly temperature using a remote temperature sound
! ng (Great Fa I Is, _ 90 m i I es away) and the I oca I minimum temperature. 
This is accompl !shed_ by-assuming the depth of the inversion under 
clear skies and calm winds is directly related to the minimum 
temperature and the "temperature" which would occur if no inver
sion formed. 

I I • DEVELOPMENT OF THE INVERSION DEPTH FORMULAE 

From summer of 1970 to March 1971., the Nationa I Weather .·service. 
Office;. He I ena; rece i v'ed aircraft temperature _sound l ngs f-rom , -
surface to about 8000 feet,MSL during -mornings when itwas-su~
pected an inversion ex_isted. However, no ai.rcraft sounding was 
ever takeri 6n Sunday (day_of rest!). Sounding~ were obta·rned : 
from a local flying service aircraft orig-inally hired by American 
Smelting and Refinery of east~elena, and after September 1970, 
the- Nation a I Hea I th Service. Temperature sensors u:sed were the 
aircraft's own thermometer prior to September 1970, and a ther
mistor_ loaned by Western Region Headuqarters, National Weather 
·Service, after September_ 1970. -

Careful studies of some of the aircraft soundings (see Figure 5) 
indicate that local inversions often re~emble the exponential curve. 

(I) Z =a AT -.1 

where: Z =Equivalent height above the surface In C0 

units on an adiabatic chart. 

AT= Temperature difference from the minimum 
(TMJ) to any temperature CT) in C0 (TMI 
wi I I therefore always be the origin for 
equation (I)). 

:a = a constant. 
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Furthermore, the ar~i;; :Cehergy loss):: ~nder ·_th'e ~inv~rsion' appears to 
be directly related to the difference' between the' surface tempera
ture which would occur should no inversion exist, TL, and the 
observed surface minimum TMI.· (See Figure 1.) In fact, 22 fall 
aircraft soundings considered ideal for the purpose revealed through 
linear regressio~ techniques that: 

. ' -''. :. ·:· ~ -. :, . . . ' ~ . .'." .. ,·,. 

'=!:.,, ...... 

· where: A I = Area in C0 square units on adiabatic· ··:. ·· · · -
chart D•ll. 

TL = That temperature which would result 
if the sounding above the inversion .. 
were extended down to the surface.:··~ · 

TMI = Observed minimum surface temperature~ 

Equation (2) is really the crux of the entire-pre!3entation. We know 
that an inversion forms by radiative and transfer processes; and 
since the surface temperature change from TL to TMI is a balance o.f 
these processes, it seems logical to relate the surface change to 
the entire 'inversion under c I ear skies and I i ght· winds. A I so, the 
22 idea I examp I es show the va.l ue of "a" in· (I) to approximate I y 
equal 1.25. Figure I shows a. typical clear night inversion.· In 
order to eva I uate the .tota I area, (A ) a~ shown in Figure I, we must 
divide it, into two unequal ,parts as shown in Figure. 2. First: · 

. (1..-T,.i') 

A; = J (q-":r_,) d {AT) 
.. D 

. (3) 

For A~ ~orne definitions are made. The slop~ of any sounding extra
polated to the ground to TL is assumed here to be such that some 
height Z wi I I equal twice the base of the triangle ZTLT as shown 
in Figure 2. Therefore: 0 

(4) 

Now the sum of the areas~A I and A~ can b.e expressed: 
{ ·-imJ) t.. 

(5) A I = ( ii.~r_,) J {Ai) + {-
" 
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Integration of C5} gives: 

( 5a ) . .· . .· , .. {7; -/,-,,) · · . Z '- . 
A'=a -I·_("J:-7;u)+ T" 

J..os~ a -i 
• c.. .·- • .! • 

Equation (5a) i.s stJU not in u5.able form.- Ho\1/ever, we know, 

(6) 
··-,; .z - --7: - . L: . .2. 

( 7 l. 

By substituting C£?) and (7) into C5a) we arrive at, 

. ~ :. 

(8) 

Since "a"~lready has been said to equal 1.25 and .~l·has been found to 
equal 3.5 CTL-TMI), ~e can combine and substitute to obtain: 

Inversions recorded later in the season with snow cover indicate "a" 
in. (I) to be close to 1.15, so during snow-cover conditions (10) becomes: 

C l I ) 
..... 

• 
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Since Z is equal to C0 units, to obtain feet, one ihust multipl\.i Z times 
300 because on ad.iabati.c plotting cha_rt _D-1 f .One·c~ntigrade degree 
equa Is about 3.00 f€let. :·-. ·.·, .. - · · ·· · · 

.-'-) 

Since a.ll fall soundings appropriate to th·e pro.blem w~re used to 
establish the constants and coefficients in the above equations, only 
winter soundings are at present available for testing equations (10) 
and (II). (It is hoped that the aircraft sounding progr'!rri·caJ:~ again. 
be carried on'during the late summer and fall of 1971 .) ·Most'·c'lear. 
night inversions occur during summer and fall months •. Also, soundings 
were never taken on Sundays. Nevertheless, some' verification examples 
from some winter soundings are presented in Tab I e I , despite I ack of 
truly ideal conditions. 

DATE 

II /17/70 
11/18/70 

II /20/70 
12/02/70 
12/03/70 
12/05/70 
12/08/70 
12/10/70 
12/ If /70 
12/12/70. 
12/14/70 

CHARACTER OF PAST 12 HRS. OBSERVED 
DEPTH FEET 

P.C. windy most of night 606 
M.C~ windy at tim~~ with sprinkle 

of snow 
V .c. snow before .midnight. 
v.c. light winds 
M. c I ear 
High cloudiness 
Cloudy, windy ~t times 
Cloudy, tra6e snow 
Cloudy 
P~c~ windy most of time 
.High and middle clouds . · 

.700 
·1500 
1800 
700 

2700 
200 

1600 
1500 
200. 

·2300 

COMPUTED 
DEPTH FEET 

600 

1500 
2100 
16.00 
1000 
2700 

300 
1800 
1300 
600 

2100 

Table I. Comparison of computed depths of morning inversion layers 
and observed depths fo~ ~elected winter soundings. 

II I • TEMPERATURE INFLUENCES UNDER INVERSIONS 

Another approach can be developed which verifies (jO) and (II) indi
rectly. If "a" truly equals 1.25 or I; 15 (snow cover), and if we 
select clear days when it is evident that ideal inversion conditions 
exist, we should be able to accurately predict a rise in temperature 
under the inversion because energy units in degree centigrade squares 
are known [1]. 

To do this we add a certain number of heating units under the inversion 
and compare computed and observed temperatures. To accomplish this, we 
must develop formulae. 

. . 

Referring to Figure 3,~ the ~rea, All under the inversion curv~, which 
represents the number of energy units necessary to raise the surface 
temperature from TMI to some temperature TMA, is enclosed by the 

• 
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inversion curve and a dry adiabat through TMA· This area, AI I, can be 
divided into two portions. ·The first port·ion .from TMI toT is given by 
i"he integra I: ('1'-7m,) 

-f(~~~1}_d(~T!, _ , 
0 

The rematntng portion ot_AII is enclosedby the triangle,ZT TMA·. Since 
the slope of an adiab~t i~ ~pproximately 45°, the· height Z of the.tri~ 
angle is approximately equal to the base and the area of the triangle 
can be expressed as: 

From ( U 

and 

. Add in~· the 

or 

(( 2) 

[
. (r-tMI J . ] l., 

Z 1= a. -1 

two portions of AI I together: . . . . . . (f-7,,) . . . 

A"= J c a"!.,J J(4r) +-
0 

A''= 

(dlT-::~~)2. 

:;.. 

By substituting values ofT in (12) we, of course, get AI 1 units. 
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However,· to find the' te~perature TMA as shown .'ln Figure~ 3 we must use .·· 
the' equation: ' ··· 

' '"( ~~ :1 

{ 13) 
, ·. :· ··. , h-tiHI 

-,;,A = r·+ a·.'·· --:1· 
Tab I e 2 shows v~ lues of TMA-TM 1 corresponding to selected 'va I ues of 
All using ''a'i .equaling bo.th 1.15 and 1 .• 25. · 

All 

2 
3 
4 
6 

10 
12 
16 
21 
27 
35 
46 
59 

Table 2. 

a ~ I .15. 
TMA-TMI 

4.5 
6.0 
7.0 
8.5 

10.0 
I I .5 
13.0 
14.5 
16.0 
18.0 
20.0 
22.0 

a = I .25 
TMA-TMI 

4.0 
5.0 
6.0 
7.0 
9.0 
9~5 

10.5 
12.0 
13.0 
14.5 
16.0 
17.5 

Values of TMA-TMI corresponding to selected values of 
AI I for a= I .15 (snow cover) and a= I .25. 

Curves showing the complete range qf AI I relative.to TMA-TMI are 
plotted in Figure .4 • . BY computing avai I able energy units at noon 
from [1], we then proceed to the verification. 

IV. VERI~ICATION OF TEMPERATURE UNDER INVERSIONS 

The verification procedure used in this instance is to attempt to pre= 
diet the noon, or in three cases the maximum temperature at Helena 
when the stat~on was under an inversion. Since energy units from sun
rise ~nti I noon or maximum can be comput~d, lt should be easy to predict 
a noon or maximum temperature provided "a" of the exponential curve is 
I .15 or I .25. Belowi 1n Table 3) are a .few examples under clear 6~ 
cirrus days during 1969. 
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·oATE .ENERGY UNITS** i . PREDICTED . OBSERVED DIFF • 
U* USED TEMPERATURE· TEMPERATURE 

... 

12/25/69 . 25 15 .. . . 28 24 4 
12/11/69 25 - 7 24 23 I 
12/6/69 25 15 23 . ' 20 3 
12/3/69 30 ': -:· 18 ; 26 24 2 
12/3/69 30 30 Max 30 33 -3 
12/2/69· 30 18 28 .28 0 
12/1/69 30 18 

~ 29 ·. 31 -2 •. 

12/1/69 30 30 ·Max,_ 34 40 -6 
II /30/69 30 18 31 29 +2 
II /29/69 30 14 34 32 +2 
II /29/69 30 ·--25. Max 38 40 -2 
II /28/69 30 18 32 30 2 

Table 3. 

*Energy units avai I able to reach maximum temperature on clear days~ 

**Estimated energy units needed to reach noon temperature (a maximum 
temperature in three cases) taking into consideration cloudiness 
and snow cover. · 

As Tabie 3 shows, predicted noon temperatures are, in general, within 
two or three degrees of observed values. 

A more thorough verification has riot been possible due .to lack of 
suitable, clear night soundings. However, computati¢ns which h'ave 
·been made under close to ideal conditions of essentially clear· skies 
and I ight winds result in an accuracy which leads to high confidence 
in the equations developed. Inversions forming under ideal conditions 
of clear skies and I ight winds may occur one out of every two .or three 
nights in the Helena val ley July through September, but only one out 
of every six nights the remainder of the year. 

V. CONCLUSIONS 

It has been shown that the temperature soundLng in the very lowest 
levels on clear, relatively calm mornings in the Helena val ley can be 
approximated rather accurately by an exponential curve. Formulae 
have been developed from which the depth of the early morning inversion 
layer may be computed as a function of the observed minimum temperature 
at Helena airport and a "temperature" which would have prevailed if no 
lnversion had formed. This latter temperature is obtained by extending 
the upper portion of ~nearby temperature sounding (Great Fal Is, Montana) 
downward to the surface. Verification of computed heights of inversions 
shows good accuracy, especially under ideal radiative conditions. For 
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Computation of inversion depths for a number of clear nights during .. 
the. past severa I summers and fa I Is using the Gr.eat Fa I Is sounding a'nd . 
the Helena minimum temperature indicates theoretically that lnver.sfory.:_, 
depths·. in the He I ena va I I ey of . 1500 to 2000 feet. a.re not uncommon , . · · 
and 3000 feet not too rare. Gener.a I I y, inversions tend to be -deeper 
in fall th_an any other time, which is not too surprising •.. In general, 
inversions in th~ Helena val ley occur on the majority of ~I I nights 1 

and becpme strong on an estima'ted one hundred nights per year. 
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Figure I. Schematic inversion and tb.e area encios.ed by the inversion 
curve and "tb.e approximate normal lapse rate curve extended 
from height Z tothe ground to temperature TL. 
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Figure 2. II iustrating the inversion curve divided into two unequal 
areas .in order to derive an equation to find the total 
area enclosed· by TM( Z TL. 
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Figure 3. ! I !ustrating the area under the inversion curve representing 
the energy necessary to raise the temperature from TMI to 
'TMA. and the division of this area into two unequal portions 
in order to derive an equation to evaluate the area. 
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the predicted temperature curve (dashed I ine). 
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